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Abstract
We study five-dimensional Yang-Mills theories compactified on an S1/Z2 orb-
ifold. The fundamental Lagrangian naturally includes brane kinetic terms at
the orbifold fixed points which are induced by quantum corrections of the bulk
fields. The theories are quantized in the higher-dimensional Rξ gauges before
compactification. Using Ward and Slavnov-Taylor identities, an all-order proof
of a generalized equivalence theorem is presented. The theorem relates scattering
amplitudes of longitudinal Kaluza-Klein gauge bosons to amplitudes of the corre-
sponding scalar modes. Non-trivial sum rules among the fundamental couplings
of the 4D effective theory lie at the heart of high energy unitarity cancellations.
Using a novel coupled channel analysis, we derive an upper bound on the num-
ber of Kaluza-Klein modes from perturbative unitarity. The bound shows a very
weak dependence on the size of the brane kinetic terms.
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Chapter 1
Introduction
The Higgs of the Standard Model (SM) does not only break gauge symmetry
and give rise to particle masses, but restores unitarity in high energy scattering
processes. Any theory with the ambition to replace the electroweak symmetry
breaking mechanism of the SM has to address all three of the above points sat-
isfactorily.
The concept of extra spatial dimensions proves to be popular in modern
physics, since it allows for new perspectives on a wide range of problems. We will
present a short overview at the end of this section. In field theories with extra
spatial dimensions, gauge symmetry breaking can be realized either explicitly by
boundary conditions [1–4] or dynamically via the Hosotani mechanism [5–8]. In
the latter case, the extra component of the higher dimensional gauge field ac-
quires a vacuum expectation value and can therefore play the role of the Higgs
field in the SM. Particle masses arise naturally in these theories as a consequence
of the Kaluza-Klein (KK) compactification. In this thesis, we will focus on the
last of the above points and study in detail how the unitarity of the scattering
matrix is ensured in quantum field theories with extra dimensions. We will put
particular emphasis on a careful quantization procedure.
The particular model of our study is five-dimensional (5D) Yang-Mills theory
compactified on an S1/Z2 orbifold. The fundamental Lagrangian contains addi-
tional kinetic terms for the gauge fields that are localized at the orbifold fixed
points. These so-called brane kinetic terms (BKT) act as counter terms that
renormalize UV-infinite operators arising from quantum corrections of the bulk
fields. They are therefore strictly necessary for a consistent formulation of the
theory. We quantize the theory before compactification and thereby extend the
approach in [9] to orbifold theories with BKT. The resulting effective theory is
free of any mixing terms, either between gauge and scalar sector or between dif-
ferent KK modes, and could be interpreted as a theory in which each individual
KK gauge mode is gauge-fixed in the conventional 4D Rξ gauges.
The advantages of this 5D quantization method become apparent when study-
ing the symmetries of the theory. The classical and quantized action of the higher-
dimensional theory are invariant under standard gauge and BRS transformations,
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which in turn give rise to Ward and Slavnov-Taylor (ST) identities [10]. After
KK reduction, these symmetries and identities have their counterparts in the ef-
fective theory. It is the set of these 4D Ward and Slavnov-Taylor identities that
provides the basis of our high energy unitarity discussion. In an earlier study,
the authors of [11, 12] checked the equivalence theorem (ET) for particular pro-
cesses at tree-level in orbifold theories without BKT. Here we are able to prove
the more comprehensive Generalized Equivalence Theorem (GET) for arbitrary
processes at all orders in orbifold theories with BKT. As we will see, the high
energy unitarity relies on subtle cancellations between the modes of the entire
KK tower.
The 5D quantum field theories we are starting from are non-renormalizable.
Hence we can only treat them as effective theories [13]; intermediates between a
fundamental (most likely stringy) UV complete theory and an effective 4D the-
ory from which we calculate our predictions for scattering amplitudes and decay
widths. Perturbative unitarity puts limits on the size of partial wave amplitudes
of scattering processes. We employ these limits to derive the energy scale, up to
which the predictions of our effective theory can be trusted. This upper energy
bound corresponds to a maximum KK number available in the effective theory.
We find it to show a strikingly weak dependence on the strength of the local-
ized terms. Even huge BKT are not able to screen the dynamics in the bulk.
This is indeed plausible, since high energy unitarity probes length scales much
smaller than the compactification radius and is therefore ignorant of any localized
operators.
In the following, we give a very short overview of physics in higher-dimensional
spacetimes in order to describe the context of our study. More complete intro-
ductions and reviews of extra dimensions can be found in [14–19].
After Riemann [20] had laid the mathematical foundations in the late nine-
teenth century, Nordstro¨m, Kaluza and Klein [21–23] were the first to apply the
concept of extra space dimensions to physics. Their early attempt to develop
a unified theory of electromagnetism and gravity failed, and the idea of extra
dimensions played no further role in the development of early twentieth century
physics. It reemerged more than fifty years later within superstring theory, when
Green and Schwarz [24, 25] realized that 10 spacetime dimensions were needed
for an anomalous-free, i.e. consistent, formulation of the theory. String the-
ory was, and is, the only promising candidate for a quantum theory of gravity,
and the concept of extra dimensions became widely accepted among theoretical
physicists. With a 16-orders-of-magnitude gap between direct string theoretical
predictions and the scale of their current experiments, experimental physicists
remained less enthusiastic. That changed, when Antoniadis and independently
Lykken [26–28] realized that compactification and string scale are not necessarily
tied to the Planck scale. Earlier naive dimensional analyses had incorrectly as-
sumed that all dimensionless parameters of the theory, such as the unified gauge
coupling, had to be of order one. Suddenly, even TeV −1 sized extra dimensions
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became imaginable. In our present discussion, we will distinguish between four
different scenarios with large extra dimensions.
The first of them was proposed by Arkani-Hamed, Dimopoulos and Dvali
(ADD) [29–31] in 1998. The d ≥ 2 extra dimensions in their framework are flat
and compactified, i.e. finite. Gravity propagates in the entire bulk, whereas SM
fields are restricted to a 3-brane. The large size R of the extra dimensions is
the key which enables the authors to solve, or rather evade, the gauge hierarchy
problem. ADD argue that the fundamental higher-dimensional Planck scale M∗Pl
and our electroweak scale MEW are identical. Four-dimensional gravity appears
weak to us, since it is diluted by the volume of the compactified dimensions.
A simple argument based on Gauß’s law relates our Planck scale MPl in four
dimension to the fundamental scale, M2Pl ∼ RdM∗ 2+dPl .
A year later, Randall and Sundrum (RS) [32,33] presented a radically different
explanation of the hierarchy. Their model assumes a single warped extra dimen-
sion of finite or even infinite size. Gravity travels in the extra dimension and is
localized on a 3-brane. The SM is stuck on a second brane some distance apart.
The hierarchy arises this time from an exponential factor in the AdS background
metric of the extra dimension.
In the scenario by Dvali, Gabadadze and Porrati (DGP) [34–36] the extra
dimension is neither compact nor warped. A single 3-brane is located at y = 0
in the flat, infinite extra dimension. The SM is again confined to the brane. The
fundamental action
∫
d5x (M∗ 3Pl
√|G|R+ δ(y)M2Pl√|g|R ) includes a BKT which
is induced by loop corrections. R and R are the Ricci scalars of the 5D metric Gµν
and the induced 4D metric gµν(x) = Gµν(x, y = 0) respectively. The 5D Planck
mass M∗Pl and its 4D counterpart MPl are understood to be independent param-
eters of the theory. At short distances, the 4D scalar curvature term dominates
and gravity is four-dimensional as observed. At very large distances the 5D term
takes over, and contrary to the ADD scenario gravity appears to be weaker at
cosmic distances. The crossover scale M2Pl/(2M
∗ 3
Pl ) is of the order of the present
Hubble length. The leakage of gravity into the extra dimension at large distances
can explain the observed acceleration of our Universe [37, 38]. The introduction
of a small cosmological constant, and therefore another hierarchy, is consequently
not necessary.
The fourth scenario, known as Universal Extra Dimensions (UED) [39], was
put forward by Appelquist, Cheng and Dobrescu in 2000. It is the one we are
going to work in. One or more flat extra dimensions are compactified on a mani-
or orbifold. Unlike in ADD or RS, gravity is absent and the model has con-
sequently nothing to say about the hierarchy between the electroweak and the
Planck scale. In the most simple version of the scenario, all of the SM fields are
allowed to propagate in the bulk; in this sense the extra dimensions are ’univer-
sal’. The SM in ADD, RS and DGP scenarios is fixed to the 3-brane and remains
four-dimensional. In UED on the other hand, every single field is aware of the
extra dimensions. It is this fact that allows UED to address a very wide spectrum
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of problems: Totally new gauge and SUSY breaking mechanisms become possi-
ble [4,16]. The fermion mass hierarchy, proton life time [40–43] or the number of
fermion generations [44] can be understood. Electroweak physics [45–49] has no
longer to rely on the Higgs mechanism. In the 4D SM, gauge couplings run log-
arithmically in the energy scale. Dienes, Dudas and Gherghetta (DDG) [50–52]
pointed out that couplings in higher-dimensional theories follow a power law.
The couplings unify earlier and the hierarchy between the electroweak and the
GUT scale is consequently reduced. Even dark matter [53–59], dark energy and
quintessence [60–62] can be viewed from a new perspective.
If large extra dimensions are not merely a possibility but reality, evidence of
them is most likely to show up in one of the following three types of experiments:
First there are classical collider searches [19]. Future machines such as the Large
Hadron Collider (LHC) or the International Linear Collider (ILC) [63,64] might be
able to probe energy scales characteristic for extra dimensions. References [65–67]
study for example signatures for ADD scenarios. Signatures for UED might be
very similar to the ones for SUSY, and linear collider studies are likely to be
necessary to distinguish between the two [68]. On the other hand, UED evidence
might be hidden in old-fashioned precision measurements [69–71].
A further promising approach are sub-millimeter Inverse Square Law (ISL)
tests of gravity [72]. The most sensitive of these tests are torsion pendulum
experiments, for example the one currently conducted by the Eo¨t-Wash group [73]
at Washington University. New planar geometries [74] or novel concepts using
neutrons in the gravitational field of the earth [75] might push the limits further
in the years to come.
Other severe constraints on the size of extra dimensions arise from astrophysics
and cosmology [14]. Possible implications include core cooling of supernovae,
see study of SN1987A [76–78], a cosmic diffuse gamma-ray background [79, 80],
neutron star heat excess [81], overclosure of the Universe [82] or a very early
matter-dominated phase in the evolution of the Universe [83].
Finally, we would like to comment on the origin of the brane localized terms that
are to appear in our fundamental Lagrangian (2.21). BKTs are first discussed in
the context of localized gravity in the DGP framework [84, 85]. The concept is
subsequently applied to SM fields in UED [86,87]. The authors calculate quantum
corrections to self-energies in the higher-dimensional theory. Due to the orbifold
symmetry, Lorentz invariance of the higher-dimensional theory is broken, which
is reflected in the form of the propagators. Take for example the propagator of
an even/odd scalar.
D(p, p5; q, q5) =
i
p2 − p25
δp5, q5 ± δ−p5, q5
2
δ(4)(p− q)
It has got one contribution that no longer preserves the discrete component of
the five-momentum, p5 6= q5. Characteristic loop corrections involve two of these
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propagators. After integration and summation over the internal momenta, the
self-energy correction splits into two parts. One contributes to the renormaliza-
tion of the bulk fields. A second term is localized at the orbifold fixed points
and was not present in the original Lagrangian. The detailed calculations are
described in [86, 87].
The thesis is structured as follows. Chapter 2 starts with a brief review of the
derivation of Ward and ST identities in 4D Yang-Mills theories. It is followed
by our study of 5D orbifold theories with BKT, starting with their quantization
and compactification. The orthonormal basis used in this process is derived in
Appendix B. Appendix C develops tools that prove to be helpful when deriving
Ward and ST identities for the 4D effective theory. Based on these identities,
Chapter 3 presents a proof of the GET and studies particular examples. The cal-
culations in this chapter make use of sum rules that are derived in Appendix D.
Chapter 4 presents the derivation of upper bounds on the KK modes from per-
turbative unitarity, after which some final conclusions are drawn in Chapter 5.
The results of this thesis have been published in [88].
Chapter 2
Ward and Slavnov-Taylor
identities
Let us start by reviewing the derivation of Ward and Slavnov-Taylor identities
in four-dimensional Yang-Mills theories, such as standard QCD. We will fix our
notation and discuss the basic principles, before applying them to compactified
five-dimensional Yang-Mills theories in the following section.
2.1 4D Yang-Mills theories
The Lagrangian of 4D Yang-Mills theories quantized in the Rξ gauges is given by
LYM = −1
4
F aµνF
a µν + LGF + LFP , (2.1)
where F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν denotes the field-strength tensor of the
gluon field Aaµ. The gauge-fixing term LGF and the associated ghost term LFP
are given by
LGF = − 1
2ξ
(
F [Aaµ]
)2
= − 1
2ξ
(∂µAaµ)
2 , (2.2)
LFP = ca
δF [Aaµ]
δθb
cb = ca
(
δab∂2 − gfabc ∂µAcµ
)
cb . (2.3)
The classical part of the Lagrangian LYM, i.e. the first term in (2.1), is invariant
under the usual gauge transformations
δAaµ = D
ab
µ θ
b =
(
δab∂µ − gfabcAcµ
)
θb . (2.4)
The tree-level effective action is identical to the classical action itself, Γ[Aaµ] =
−1
4
∫
d4x F aµνF
aµν , and hence invariant under the above transformations too.
From this invariance we can immediately derive the master Ward identity for 4D
Yang-Mills theories.
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Γ[Aaµ] = Γ[A
a
µ + δA
a
µ] (2.5)
∂µ
δΓ
δAaµ
− gfabc δΓ
δAbµ
Acµ = 0 (2.6)
Functionally differentiating the identity with respect to the gluon fields Aaµ and
finally setting all fields to zero, we arrive at particular Ward identities that re-
late the one-particle irreducible (1PI) n-point functions of the theory. Since we
started off from the tree-level effective action Γ, we derive relations between the
fundamental interactions of the theory. Let us follow a particular example. Func-
tionally differentiating (2.6) with respect to Adν(y), we find
∂µ
δΓ
δAaµ(x) δA
d
ν(y)
− gfabc δΓ
δAbµ(x) δA
d
ν(y)
Acµ(x)
− gfabc δΓ
δAbµ(x)
δcd gνµ δ
(4)(x− y) = 0 .
A further differentiation with respect to Aeρ(z) results in an equation involving
four terms. Setting all of the fields equal to zero, the term proportional to Acµ(x)
drops out. Introducing the notation Gab···µν···(x, y, · · · ) = δΓ/[δAaµ(x) δAbν(y) · · · ] for
the 1PI Greens functions, we derive a Ward identity in position space.
∂µGadeµνρ(x, y, z)− gfabeGbdρν(x, y) δ(4)(x− z)
− gfabdGbeνρ(x, z) δ(4)(x− y) = 0
Fourier transforming the result, we arrive at a final Ward identity that can graph-
ically represented1 as follows.
−ikµ a µ
b ν
c ρ
k p
q
= gfabd
d ν c ρ
q
+ gfacd
d ρ b ν
p
(2.7)
Functionally differentiating (2.6) with respect to a third gluon field Afσ(u) before
setting all fields to zero, we can derive a Ward identity relating the fundamental
1We follow the convention, that all momenta flow into the vertices. Note that the diagrams
on the right hand side (RHS) of (2.7) stand for the 2-point functions and not the propagators.
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cubic and quartic couplings of the theory.
−ikµ
a µ
b ν
c ρ
d σ
k
p
q
r
= gfabe e ν
c ρ
d σ
k+p q
r
+ gface e ρ
b ν
d σ
k+q p
r
+ gfade e σ
b ν
c ρ
k+r p
q
(2.8)
Let us now turn to the quantized theory. After quantization the full Lagrangian
LYM is no longer gauge-invariant, but it does retain an invariance under BRS
transformations,
δAaµ = ω sA
a
µ = ω D
ab
µ c
b
δca = ω s ca = − ω gf
abc
2
cbcc (2.9)
δca = ω s ca = ω
F [Aaµ]
ξ
= ω
∂µAaµ
ξ
,
where ω is a small Grassmann parameter, i.e. ω2 = 0. The nilpotency of the BRS
operator, s2Aaµ = s
2ca = s2c¯a = 0, ensures the unitarity of the physical S-matrix.
Following the standard path-integral quantization formalism [10], we intro-
duce the functionals W and Z, which generate the full and connected Green’s
functions respectively. In addition to the sources of gluons, ghosts and antighosts,
Jaµ, D
a
and Da, we allow for the terms Kaµ and Ma. These are the sources of
operators sAaµ and sc
a, and will ensure that our final expression (2.13) will be a
simple first order functional differential equation.
W = eiZ =
∫
DADcDc¯ exp
[
i
∫
d4x
(LYM
+ JaµAaµ +D
a
ca + caDa +KaµsAaµ +M
asca
) ] (2.10)
The BRS invariance of the action and path-integral measure implies again the
invariance of the generating functionals.
Z[Aaµ, c
a, c¯a] = Z[Aaµ + δA
a
µ, c
a + δca, c¯a + δc¯a] (2.11)
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Substituting the explicit form (2.9) of the BRS transformations into (2.10), we
can rewrite the transformation of the fields as a transformation of the sources
instead2. The master ST identity for 4D Yang-Mills theories follows directly.
Z[Jaµ, D
a
, Da, Kaµ,Ma] =
Z
[
Jaµ − ω
ξ
∂µDa, D
a
, Da, Kaµ + ωJaµ,Ma − ωDa] (2.12)
Jaµ
δZ
δKaµ
−Da δZ
δMa
+
1
ξ
Da ∂µ
δZ
δJaµ
= 0 (2.13)
Earlier in this section we encountered already the effective action Γ, but worked
with it only at tree-level. Defining the full effective action as usual, we can derive
a master ST identity for 1PI Green’s functions3.
Γ[Aaµ,c
a, c¯a, Kaµ,Ma] =
Z[Jaµ, D
a
, Da, Kaµ,Ma]−
∫
d4x
(
JaµAaµ +D
a
ca + caDa
) (2.14)
with Aaµ =
δZ
δJaµ
, ca =
δZ
δD
a , c
a = − δZ
δDa
,
δΓ
δAaµ
δΓ
δKaµ
+
δΓ
δca
δΓ
δMa
− 1
ξ
δΓ
δca
∂µAaµ = 0 (2.15)
As before, functional differentiation of the master equations will lead to particular
ST identities for connected/1PI Green’s functions. But there is a more direct way
of deriving specific ST identities. It is based on the observation that the BRS
invariance of the generating functionals implies the invariance of the Green’s
functions themselves. Let us consider the following example.
s 〈0|Tca(x)Abν(y)Acρ(z)|0〉 = 0 (2.16)
The Green’s functions are given as vacuum expectation values of time-ordered
operator products. Applying the transformations (2.9) to each of the fields, we
2It now becomes clear, why there was no need to introduce a source for sc¯a in the definition
of the generating functionals. Our gauge fixing functional F [Aaµ] = ∂
µAaµ is linear in the gluon
field, and after integration by parts the existing current Jaµ can be used. On the other hand,
the first two transformations in (2.9) are clearly quadratic in fields.
3Note that a full renormalizability proof for 4D Yang-Mills theories [89,90] is based on (2.15)
and the equation of motion for the antighosts,
∂µ
δΓ
δKaµ
+
δΓ
δca
= 0 .
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arrive at the following expression.
1
ξ
∂µx 〈0|TAaµ(x)Abν(y)Acρ(z)|0〉 − ∂yν 〈0|Tca(x)cb(y)Acρ(z)|0〉
− ∂zρ〈0|Tca(x)Abν(y)cc(z)|0〉+ gf bde〈0|Tca(x)cd(y)Aeν(y)Acρ(z)|0〉
+ gf cde〈0|Tca(x)Abν(y)cd(z)Aeρ(z)|0〉 = 0
(2.17)
Note that the last two terms are bilinear in fields at the same space-time point,
y and z respectively. These terms do not have one-particle poles for external
legs attached to these points, and hence do not contribute on-shell. Fourier
transforming (2.17) and fixing the gauge, ξ = 1, we derive a particular on-shell
ST identity in momentum space. In graphical notation the identity has got the
form below, where the shaded circles stand for all-order 1PI Green’s functions.
pµ a µ
b ν
c ρ
p q
r
− qν . . . . . . . . . .✛
..
..
..
..
..
a
b
c ρ
p q
r
− rρ . . . . . . . . . .✛
..........a
b ν
c
p q
r
= 0 (2.18)
Let us state two further examples in order to illustrate the technique [91]. The
BRS invariance of the following two Green’s functions gives rise to the (not nec-
essarily on-shell) ST identities below4.
s 〈0|T c¯a(x) ∂νyAbν(y)|0〉 = 0
pµqν
a µ b ν
= pµqν
aµ b ν
(2.19)
s 〈0|T c¯a(x) ∂νyAbν(y) ∂ρzAbρ(z) ∂σwAbσ(w)|0〉 = 0
kµ pν qρ rσ
a µ
b ν
c ρ
d σ
k
p
q
r
= 0
(2.20)
4Particular care has to be taken, when space-time derivatives and time-ordering (i.e. space-
time step-functions) are interchanged. In some cases, this interchange results in important
Schwinger terms, as for example on the RHS of (2.19).
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As we will see in the next sections, it is the 5D analog of these ST identities that
lie at the heart of our proof of the GET for 5D orbifold theories.
2.2 Compactified 5D Yang-Mills theories
We now move on to 5D Yang-Mills theories compactified on an S1/Z2 orbifold.
Here and in the following, Lorentz indices in five dimensions will be denoted by
capital Roman letters, while Greek letters are used for the four uncompactified
dimensions. For space-time coordinates we use the notation xM = (xµ, x5 ≡ y),
where y ∈ (−πR, πR] stands for the extra dimension and R for the compactifica-
tion radius.
The orbifold Z2 symmetry, y ∼ −y, breaks Lorentz invariance of the compact
dimension, i.e. momentum is not conserved at the fixed points of the orbifold
symmetry, y = 0 and y = πR. It is hence no surprise, that we find UV divergent
operators at the orbifold fixed points when calculating quantum corrections [86].
For a consistent theory it is therefore necessary to include localized counter-terms,
the so-called brane kinetic terms (BKT), in the tree-level Lagrangian in order to
absorb these infinities.
We will restrict ourselves to a single BKT at y = 0. Our entire discussion
carries over to the general case of two BKTs at y = 0 and y = πR, but in this
case we would have to deal with more complicated analytic expressions. The
Lagrangian we are working with reads
L5DYM(x, y) = −1
4
[
1 + rc δ(y)
]
F aMNF
a MN + L5DGF + L5DFP , (2.21)
where F aMN = ∂MA
a
N−∂NAaM+g5fabcAbMAcN is the field-strength tensor of the 5D
gluon AaM . The positive dimensionful coupling rc of the BKT is a free parameter
of the theory, ultimately to be fixed by a UV completion of our field theory.
The terms L5DGF and L5DFP are the 5D gauge-fixing and ghost term and will be
discussed in detail later on.
We would like to include a massless gluon in the effective theory and choose
the following parities for the components of the 5D gluon field AaM .
AaM(x, y) = A
a
M(x, y + 2πR)
Aaµ(x, y) = A
a
µ(x,−y)
Aa5(x, y) = −Aa5(x,−y)
(2.22)
We can now expand the components in terms of two complete sets of orthonormal
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functions, the even fn(y) and the odd gn(y).
Aaµ(x, y) =
∞∑
n=0
Aa(n)µ(x) fn(y)
Aa5(x, y) =
∞∑
n=1
Aa(n)5(x) gn(y)
(2.23)
Integrating the extra dimension y out, we end up with an effective 4D theory.
The coefficients Aa(n)µ and A
a
(n)5 are the so-called Kaluza-Klein (KK) modes. By
demanding each of the KK modes to be a mass eigenstate of the effective theory,
we can uniquely determine the analytic form of fn and gn. In the case of vanishing
BKT, rc → 0, we recover the standard Fourier expansion, with fn(y) and gn(y)
equal to cos(ny/R) and sin(ny/R) up to a normalization constant. For rc 6= 0
we describe the details of the derivation in Appendix B. Here we only state the
result.
fn(y) =
Nn√
2δn,0πR cosmnπR
×
{
cosmn(y + πR) for − πR < y ≤ 0
cosmn(y − πR) for 0 < y ≤ πR
(2.24)
gn(y) =
Nn√
πR cosmnπR
×


sinmn(y + πR) for − πR < y < 0
sinmn(y − πR) for 0 < y ≤ πR
0 for y = 0
(2.25)
N−2n = 1 + r˜c + π
2R2r˜2cm
2
n with r˜c =
rc
2πR
≥ 0 (2.26)
The same relations that we are familiar with from sine and cosine still hold for
the fn and gn.
∂5fn = −mngn
∂5gn = mnfn
(2.27)
The mass of the KK gauge bosons Aa(n)µ is given by the transcendental equation
below. It can be solved numerically, as illustrated in Fig. 2.1.
mnrc
2
= − tanmnπR (2.28)
The presence of the BKT decreases the masses slightly, and we find the spectrum
to vary in the limits (n − 1/2)/R < mn ≤ n/R for ∞ > rc ≥ 0 and n 6= 0. For
vanishing BKT we recover the familiar equi-spaced KK tower n/R. Using the
technique developed in Appendix C, it is easy to derive the Feynman rules for
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the effective 4D theory. They are listed in Appendix A.
0
2/R1/R0-1/R
mn
1-BKT spectrum
2-BKT spectrum
Figure 2.1: Mass spectrum mn of the effective 4D the-
ory for one (2.28) and two (B.24) BKT in the 5D La-
grangian.
The orbifold symmetry acts only on space-time and leaves the invariance of
the classical part of Lagrangian L5DYM under 5D gauge transformations totally
unaffected.
δAaM = D
ab
M θ
b =
(
δab∂M − g5fabcAcM
)
θb (2.29)
As previously done for the components of the 5D gauge field, we can expand the
gauge parameter θa(x, y) in terms of orthonormal functions5.
θa(x, y) =
∞∑
n=0
θa(n)(x) fn(y) (2.30)
5In order for (2.29) to be consistent, an even Aaµ implies θ
a to be even and hence Aa5 to be
odd. Demanding a massless gluon in the effective theory fixes therefore the parities in (2.22)
uniquely.
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After integration over the compact dimension y, we find the effective gauge trans-
formation for the KK modes,
δAa(n)µ = ∂µθ
a
(n) − gfabc
∞∑
m,l=0
√
2
−1−δn,0−δm,0−δl,0
θb(m)A
c
(l)µ∆n,l,m
δAa(n)5 = −mnθa(n) − gfabc
∞∑
m=0, l=1
√
2
−1−δm,0
θb(m)A
c
(l)5 ∆˜n,l,m ,
(2.31)
where we introduced the dimensionless coupling constant g = g5/
√
2πR. Expres-
sions for ∆k,l,n and ∆˜k,l,n can be found in Appendix C. In the limit rc → 0, we
find ∆k,l,n → δk,l,n, ∆˜k,l,n → δ˜k,l,n, and the above transformations reduce to the
ones familiar from [9]. The coefficients δk,l,n and δ˜k,l,n are simple combinations of
Kronecker deltas, cf. (C.10), (C.11) and (C.19), which define selection rules for
couplings in theories without BKT. With the help of the effective transformations
(2.31), we could in principle follow the technique discussed in last section and de-
rive the Ward identities of the 4D theory. This derivation is complicated by the
fact that we now have to deal with an infinite set of coupled transformations
instead of simply (2.4).
Instead of restricting our discussion to the 4D theory, let us define what we
mean by functional differentiation on S1/Z2.
δAaµ(x1, y1)
δAbν(x2, y2)
≡ g
ν
µ δ
ab
2
[
δ(y1 − y2; rc) + δ(y1 + y2; rc)
]
δ(4)(x1 − x2)
δAa5(x1, y1)
δAb5(x2, y2)
≡ δ
ab
2
[
δ(y1 − y2; rc)− δ(y1 + y2; rc)
]
δ(4)(x1 − x2)
(2.32)
Notice that both LHS, by definition (2.22), and RHS of (2.32) are even/odd in y1
and y2. The delta function δ(y; rc) depends explicitly on the expansion on S
1/Z2,
and is given by the completeness of our set of orthonormal functions (B.19). Now
we can simply repeat our arguments of the previous section. The invariance of the
classical part of Lagrangian L5DYM under gauge transformations (2.29) implies
the invariance of the tree-level effective action Γ[AaM ] = −1/4
∫
d4x
∫
dy [1 +
rcδ(y)]F
a
MNF
a MN , which in turn gives rise to a master Ward identity for 5D
Yang-Mills theories.
∂M
δΓ
δAaM
− g5fabc δΓ
δAbM
AcM = 0 (2.33)
Using the decomposition of the components of the functional derivative δ/δAaM
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in terms of the orthonormal functions fn and gn,
δ
δAaµ(x, y)
=
∞∑
n=0
fn(y)
δ
δAa(n)µ(x)
δ
δAa5(x, y)
=
∞∑
n=1
gn(y)
δ
δAa(n)5(x)
,
(2.34)
and finally integrating over the compact dimension, we derive a master Ward
identity for the effective 4D theory.
∂µ
δΓ
δAa(n)µ
+ mn
δΓ
δAa(n)5
= gfabc
∞∑
m,l=0
√
2
−1−δn,0−δm,0−δl,0
×
(
δΓ
δAb(m)µ
Ac(l)µ∆m,n,l +
δΓ
δAb(m)5
Ac(l)5∆˜m,n,l
) (2.35)
Standard functional differentiation with respect to the KK modes, cf. detailed
discussion below (2.6), yields five distinct Ward identities that relate the funda-
mental interactions of the theory. Gauge and scalar KK modes will be represented
by wavy and dashed lines respectively, see Feynman rules in Appendix A. The
last two of the identities below involve an infinite summation and can be explicitly
checked using the relations derived in Appendix D.
−ikµ a µ
b ν
c ρ
(n) k (m) p
(l) q
= −mn a
b ν
c ρ
(n) k (m) p
(l) q
+
√
2
−1−δn,0−δm,0−δl,0
∆n,m,l g
[
fabd
d ν c ρ
(l) q
+ facd
d ρ b ν
(m) p
]
(2.36)
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− ikµ a µ
b ν
c
(n) k (m) p
(l) q
= −mn a
b ν
c
(n) k (m) p
(l) q
+
√
2
−1−δn,0−δm,0
g
[
∆m,n,lf
abd
d ν c
(l) q − ∆˜m,n,lfacd
b ν d
(m) p
]
(2.37)
−ikµ a µ
b
c
(n) k (m) p
(l) q
=
√
2
−1−δn,0
∆˜m,n,l g
[
fabd
d c
(l) q
+ facd
d b
(m) p
]
(2.38)
−ikµ
a µ
b ν
c ρ
d σ
(n) k
(m) p
(l) q
(k) r
=
∞∑
j=0
g
√
2
−1−δn,0−δj,0
[√
2
−δm,0
∆m,n,jf
abe
× e ν
c ρ
d σ
(j) k+p (l) q
(k) r
+
√
2
−δl,0
∆l,n,jf
ace e ρ
b ν
d σ
(j) k+q (m) p
(k) r
+
√
2
−δk,0
∆k,n,jf
ade e σ
b ν
c ρ
(j) k+r (m) p
(l) q ]
(2.39)
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−ikµ
a µ
b ν
c
d
(n) k
(m) p
(l) q
(k) r
=
∞∑
j=0
g
√
2
−1−δn,0−δj,0
[√
2
−δm,0
∆m,n,jf
abe
× e ν
c
d
(j) k+p (l) q
(k) r
+ ∆˜l,n,jf
ace e
b ν
d
(j) k+q (m) p
(k) r
+∆˜k,n,jf
ade e
b ν
c
(j) k+r (m) p
(l) q ]
(2.40)
Let us now turn to the quantization of our theory and discuss the last two terms
appearing in Lagrangian (2.21). We have got two options: We can either fix our
gauge before or after compactification. In the second case we would have to add
the two terms L4DGF(x) and L4DFP(x) to the 4D effective Lagrangian that we
get after integration over the compact dimension. Since we would like to see all
vector-scalar mixing terms cancelled, cf. (A.2), we expect each of the above terms
to consist of an infinite number of contributions.
Instead we opt to approach the problem from the five-dimensional point of
view; a strategy that paid off in the derivation of the Ward identities. As already
adopted in [9], we will work in the framework of generalized Rξ gauges
6 and
choose the following gauge-fixing functional.
F [AaM ] = ∂
µAaµ − ξ ∂5Aa5 (2.41)
We take care of the localized terms in our Lagrangian by multiplying the gauge-
fixing and Faddeev-Popov terms by a factor [1 + rcδ(y)]. It is the same factor
that appears in the classical part of Lagrangian (2.21).
6The naive generalization of the Rξ gauges to five dimensions, F [A
a
M ] = ∂
µAaµ − ∂5Aa5 , is
modified in order to ensure the cancellation of the vector-scalar mixing. The analogous gauge
is widely used in spontaneously broken gauge theories [92], where would-be Goldstone bosons
play the role of the scalar KK modes in our theory.
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L5DGF(x, y) = −
[
1 + rcδ(y)
] 1
2ξ
(
F [AaM ]
)2
= − [1 + rcδ(y)] 1
2ξ
(
∂µAaµ − ξ∂5Aa5
)2 (2.42)
L5DFP(x, y) =
[
1 + rcδ(y)
]
c¯a
δF [AaM ]
δθb
cb
=
[
1 + rcδ(y)
]
c¯a
[
δab(∂2 − ξ∂25)− g5fabc(∂µAcµ − ξ∂5Ac5)
]
cb
(2.43)
It is straightforward to check that any mixing between gauge and scalar sector
or between different KK modes is absent in the quantized Lagrangian. After
compactification, (2.42) and (2.43) lead to an effective 4D theory in which each
of the KK modes is quantized in a conventional Rξ gauge.
Due to the common factor, the complete Lagrangian (2.21) is invariant under
standard 5D BRS transformations.
sAaM = D
ab
M c
b
s ca = −g5f
abc
2
cbcc
s ca =
F [AaM ]
ξ
(2.44)
The ghosts ca(x, y) and ca(x, y) are even fields in y, which follows from the con-
sistency of the above transformations. After integration over the compact dimen-
sion, we find the effective BRS transformations of the KK modes.
sAa(n)µ = ∂µc
a
(n) − gfabc
∞∑
m,l=0
√
2
−1−δn,0−δm,0−δl,0
∆n,m,l A
c
(m)µc
b
(l)
sAa(n)5 = −mnca(n) − gfabc
∞∑
m,l=0
√
2
−1−δl,0
∆˜n,m,l A
c
(m)5c
b
(l)
sca(n) = −
gfabc
2
∞∑
m,l=0
√
2
−1−δn,0−δm,0−δl,0
∆n,m,l c
b
(m)c
c
(l)
sca(n) =
1
ξ
∂µAa(n)µ − mnAa(n)5
(2.45)
After successful quantization, we proceed with our program and derive the ST
identities of the effective 4D theory. We will follow closely our discussion of the
previous section. The definition of the generating functionals generalizes in an
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obvious way.
W = eiZ =
∫
DADcDc exp
[
i
∫
d4x
∫ πR
−πR
dy
(
L5DYM
+ [1 + rcδ(y)][J
aMAaM +D
a
ca + caDa +KaMsAaM +M
asca]
)] (2.46)
The response of the generating functional Z to infinitesimal BRS transforma-
tions (2.44) gives rise to a master ST identity in five dimensions, which in turn
translates into a master equation for the connected Green’s functions of the KK
modes.
Jaµ
δZ
δKaµ
− Ja 5 δZ
δKa 5
−Da δZ
δMa
+
1
ξ
Da∂µ
δZ
δJaµ
−Da∂5 δZ
δJa 5
= 0 (2.47)
∞∑
n=0
[
Jaµ(n)
δZ
δKaµ(n)
+ Ja 5(n)
δZ
δKa 5(n)
−Da(n)
δZ
δMa(n)
+
1
ξ
Da(n) ∂
µ δZ
δJaµ(n)
−mnDa(n)
δZ
δJa 5(n)
]
= 0
(2.48)
After defining the 5D generating functional Γ and integrating over the extra di-
mension, we derive a master ST identity for 1PI Green’s functions in the effective
4D theory.
Γ[AaM ,c
a, c¯a, KaM ,Ma] = Z[JaM , D
a
, Da, KaM ,Ma]
−
∫
d4x
∫
dy
[
1 + rcδ(y)
](
JaMAaM +D
a
ca + caDa
) (2.49)
∞∑
n=0
[
δΓ
δAa(n)µ
δΓ
δKaµ (n)
+
δΓ
δAa(n)5
δΓ
δKa 5(n)
+
δΓ
δca(n)
δΓ
δMa(n)
− 1
ξ
δΓ
δca(n)
∂µAa(n)µ +mn
δΓ
δca(n)
Aa(n)5
]
= 0
(2.50)
Functional differentiation of (2.48) and (2.50) will generate specific ST identities.
But again, it proves to be more practical to start off from the BRS invariance of
the Green’s functions themselves. Consider the following example.
s 〈0|T c¯a(n)(x)Ab(n)ν(z)Ac(n)ρ(u)Ad(n)σ(v)|0〉 = 0 (2.51)
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The action of the BRS operator s on the KK modes is given by (2.45). Remember
that terms bilinear in fields do not contribute to on-shell ST identities. The
derivation is therefore simple indeed, and the final ST identity can be graphically
represented as below. We will omit KK numbers and momenta on the RHS,
since they are identical in all graphs. Dotted lines will stand for KK ghosts of
the theory.
pµ1
mn
µ
ν
ρ
σ
(n) p1
(n) p2
(n) k1
(n) k2
= i
ν
ρ
σ
+
pν2
mn
.............
..
..
..
..
..
..
■
ρ
σ
+
kσ2
mn
.......................
■
ν
ρ
+
kρ1
mn
.............
............
■
ν σ
(2.52)
In the next chapter, we are going to make use of this identity in our proof of
the GET. For the particular example that we would like to discuss, we will need
one further on-shell ST identity. It originates from the BRS invariance of the
following Green’s function.
s 〈0|T c¯a(n)(x)Ab(n)5(z)Ac(n)ρ(u)Ad(n)σ(v)|0〉 = 0 (2.53)
pµ1
mn
µ ρ
σ
(n) p1
(n) p2
(n) k1
(n) k2
= i
ρ
σ
− i
.............
..
..
..
..
..
..
■
ρ
σ
+
kσ2
mn
.......................
■
ρ
+
kρ1
mn
.............
............
■
σ
(2.54)
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Note that ST identities of this kind are familiar from spontaneously broken gauge
theories in four dimensions. In these theories would-be Goldstone bosons replace
our scalar modes Aa(n)5. The similarities between compactified 5D gauge theories
and spontaneously broken 4D theories go even further, as we will see in the next
chapter.
Chapter 3
Generalized Equivalence
Theorem
In the high energy limit of a spontaneously broken gauge theory, a scattering
amplitude with longitudinally polarized massive vector bosons in the initial/final
state is up to a phase equal to an amplitude in which the bosons are replaced
by the corresponding unphysical would-be Goldstone modes. This relation is
famously known as equivalence theorem (ET) [93, 94] and is an important tool
for the perturbative calculation of high energy scattering processes.
When discussing quantization schemes and ST identities in the last chapter,
we already noticed the parallels between spontaneously broken theories and com-
pactified orbifold theories. As will show here, the ET does also hold for orbifold
theories with BKT1. To be explicit, the ET states that
T
[
Aa1(n1)L, . . . , A
ak
(nk)L
, S → Ab1(m1)L, . . . , A
bl
(ml)L
, S ′
]
=
C ik (−i)l T [Aa1(n1)5, . . . , Aak(nk)5, S → Ab1(m1)5, . . . , Abl(ml)5, S ′]+O(mnE ) ,
(3.1)
where Aai(ni)L are longitudinally polarized KK vector bosons, A
ai
(ni) 5
their associ-
ated scalar modes and S, S ′ any spectators in the initial/final state that do not
include longitudinal polarizations. mn is a typical mass of the scattering particles
and E ≈ √s the centre of mass energy of the scattering process. In addition to
the aforementioned phase, ik (−i)l, there appears a factor C, which in general
is renormalization scheme dependant [95, 95, 96]. However, C = 1 at tree-level
and in certain renormalization schemes that respect the Ward identities of the
classical action [97, 98].
The ET makes only statements about the order of the scattering amplitudes.
In fact, we can be far more precise and specify the energetically suppressed terms
in the above relation. This complete relation extends the ET and is known as
the generalized equivalence theorem (GET) [99, 100]. In order to describe the
1In [11] the ET was checked for particular processes in orbifold theories without BKT.
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GET, we will need one further fact: At high energies a longitudinal polarization
vector ǫµL is dominated by a component parallel to its momentum. The remainder
aµ(k) ∼ O(mn/E) is energetically suppressed.
ǫµL (k) =
kµ
mn
+ aµ(k) (3.2)
Consider a scattering process with a certain number of longitudinal vector bosons
in the initial/final state. The following set of rules will generate the GET, i.e.
the complete RHS of (3.1):
(i) Write down the sum of all amplitudes that result from replacing any number
of longitudinal vector bosons by the respective KK scalar modes (would-be
Goldstone bosons).
(ii) In most of the amplitudes some longitudinal bosons will remain. Replace
their polarization vector ǫµL by the remainder a
µ.
(iii) Multiply each of the amplitudes by a phase ik (−i)l, where k and l are the
number of initial (final) KK scalar modes (would-be Goldstone bosons) of
the particular amplitude.
As an example, let us consider the scattering of two transverse KK gauge bosons
into two longitudinal KK gauge bosons. The GET for the process reads
T [Aa(n)TA
b
(n)T → Ac(n)LAd(n)L] =
−T [Aa(n)TAb(n)T → Ac(n)5Ad(n)5]− iT [Aa(n)TAb(n)T → Ac(n)5ad(n)]
−iT [Aa(n)TAb(n)T → ac(n)Ad(n)5] + T [Aa(n)TAb(n)T → ac(n)ad(n)] .
(3.3)
In the above amplitudes, ab(n) stands for a vector boson A
b
(n)µ whose polarization
vector ǫµL was replaced by a
µ. Since each of the remainders aµ is energetically
suppressed, the ET follows:
T [Aa(n)TA
b
(n)T → Ac(n)LAd(n)L] = −T [Aa(n)TAb(n)T → Ac(n)5Ad(n)5] + O
(mn
E
)
. (3.4)
The proof of the GET (3.3) relies on the two on-shell ST identities (2.52) and
(2.54). Let ǫa, b and ǫ1, 2 be the transverse and longitudinal polarization vectors
respectively. In a first step, let us rewrite ǫ1 = −k1/mn + a1 and apply (2.52)
to the first term of the amplitude. Note that k1 flows into the vertex. In the
notation of this chapter, labels assigned to the endpoints of graphs do not stand
for Lorentz indices but for four-vectors the amplitudes are contracted with.
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ǫa
ǫb
ǫ1
ǫ2
(n)p1
(n)p2
(n)k1
(n)k2
= −i
ǫa
ǫb ǫ2
+
ǫa
ǫb
a1
ǫ2
(3.5)
Note that amplitudes with external ghosts are absent, since ǫ2 · k2 = ǫa · p1 =
ǫb · p2 = 0. In the following step, we split the second polarization vector ǫ2 =
−k2/mn + a2.
· · · = i
ǫa
ǫb k2/mn
− i
ǫa
ǫb a2
−
ǫa
ǫb
a1
k2/mn
+
ǫa
ǫb
a1
a2
(3.6)
After applying (2.52) and (2.54) to the third and first term respectively, two
contributions with external ghosts remain.
· · · = −
ǫa
ǫb
+
.............
..
..
..
..
..
..
❘
ǫa
ǫb
− i
ǫa
ǫb a2
− i
ǫa
ǫb
a1
− a1 · k1
mn
.............
..
..
..
..
..
..
❘
ǫa
ǫb
+
ǫa
ǫb
a1
a2
(3.7)
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Since a1 · k1 = mn, the second and the fifth term cancel. What we are left with
is the RHS of (3.3) in diagrammatic form.
· · · = −
ǫa
ǫb
− i
ǫa
ǫb a2
− i
ǫa
ǫb
a1
+
ǫa
ǫb
a1
a2
Using the same arguments and an extended set of ST identities, one can prove
the GET for any other process. We can now understand the structure of the
GET: Amplitudes without any external scalars result merely from the splitting
of the polarization vectors and remain unchanged, cf. the last terms in (3.5) and
(3.6). Any external scalar results from the application of an ST identity and the
amplitudes aquire a factor i, cf. first terms in (2.52) and (2.54). In the case of
final state scalars, the momentum in (3.2) is understood to flow out of the vertices
and the amplitudes aquire therefore an additional sign. The phases mentioned in
point (iii) at the beginning of this chapter are now evident.
Checking the GET order by order is of course possible, but even a tree-level
calculation using the Ward identities (2.36) to (2.40) turns out to be tedious
indeed. A tree-level check of the ET on the other hand is feasible and will be
instructive. Unlike in orbifold theories without localized terms, the KK number
in the fundamental interactions of BKT orbifold theories is not conserved. For
that reason, already at lowest order there is an infinite number of diagrams con-
tributing to any given process. Only subtle cancellations among them ensure the
ET to hold. Let us have a look at a specific example, the elastic scattering of two
longitudinally polarized gauge bosons, Aa(n)L A
b
(n)L → Ac(n)L Ad(n)L, for which the
ET2 reads as follows.
ǫa
ǫb
ǫc
ǫd
(n)p1
(n)p2
(n)k1
(n)k2
=
(n)p1
(n)p2
(n)k1
(n)k2
+ O(m2n
s
)
(3.8)
The kinematics is particular simple, since all external particles are of the same
massmn. The cosine of the centre of mass system scattering angle will be denoted
2The complete GET involves 16 terms, instead of the four terms of example (3.3).
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by c = cos θ.
s = (p1 + p2)
2
t = (p1 + k1)
2 = −(1− c)β
2s
2
u = (p1 + k2)
2 = −(1 + c)β
2s
2
(3.9)
β2 = 1− 4m
2
n
s
ǫµa =
1
2mnβ
[
(1 + β2)pµ1 − (1− β2)pµ2
] (3.10)
The tree-level amplitude for the gauge boson scattering is given by an infinite set
of Feynman diagrams. Each of them is straightforward to calculate.
ǫa
ǫb
ǫc
ǫd
(n)p1
(n)p2
(n)k1
(n)k2
=
ǫa
ǫb
ǫc
ǫd
(n)p1
(n)p2
(n)k1
(n)k2
+
∞∑
j=0
ǫa
ǫb
ǫc
ǫd
(n)p1
(n)p2
(n)k1
(n)k2
(j)
+ · · ·
= iT4 +
∞∑
j=0
[iT s(j) + iT
t
(j) + iT
u
(j)]
= iT4 + iT
s + iT t + iT u
(3.11)
iT4 = ∆n,n,n,n
ig2
8m4n
[
fabef cdes(t− u) + facef bdet(s− u
β4
)
+ fadef bceu
(
s− t
β4
)]
iT s(j) = 2
−δj,0∆2n,n,j ig
2fabef cde
s(u− t)
8m4n
[
1 +
2m2n
s
]2 s
s−m2j
iT t(j) = 2
−δj,0∆2n,n,j ig
2facef bde
[u− s
2t
(
1 +
t
2m2nβ
2
)2
+
t− 2u
m2nβ
2
] t
t−m2j
iT u(j) = 2
−δj,0∆2n,n,j ig
2fadef bce
[t− s
2u
(
1 +
u
2m2nβ
2
)2
+
u− 2t
m2nβ
2
] u
u−m2j
(3.12)
We are not interested in a complete expression for (3.11), but do only need the
leading order for the ET. Our calculation is much simplified if we expand factors
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that appear in (3.12) up to order m4j/s
2,
s
s−m2j
= 1 +
m2j
s
+
m4j
s2
+O(m6j
s3
)
t
t−m2j
= 1− ( 2
1− c
1
s
+
8m2n
1− c
1
s2
)
m2j +
4
(1− c)2
1
s2
m4j +O
(m6j
s3
)
u
u−m2j
= 1− ( 2
1 + c
1
s
+
8m2n
1 + c
1
s2
)
m2j +
4
(1 + c)2
1
s2
m4j +O
(m6j
s3
)
,
(3.13)
and split each of the contributions accordingly,
T s,t,u(j) = T
s,t,u
(j) I + T
s,t,u
(j) II + T
s,t,u
(j) III +O
(m2j
s
)
. (3.14)
The masses mj now appear as simple multiplicative factors, and we can use
relations derived in Appendix D in order to sum over the infinite KK tower.
iT4 = ∆n,n,n,nig
2
[
fabef cde
( c
8m4n
s2 − c
2m2n
s
)
+
facef bde
((c+ 3)(c− 1)
32m4n
s2 +
1− c
4m2n
s
)
+
fadef bce
((c− 3)(c+ 1)
32m4n
s2 +
c+ 1
4m2n
s
)]
(3.15)
∞∑
j=0
iT s(j) I = ∆n,n,n,nig
2fabef cde
[
− c
8m4n
s2 +
3c
2
]
+O(m2n
s
)
∞∑
j=1
iT s(j) II = ∆n,n,n,nig
2fabef cde
[
− c
6m2n
s
]
+O(m2n
s
)
∞∑
j=1
iT s(j) III =
(
∆n,n,n,n +
3
4
Xn
)
ig2fabef cde
(− 2c
3
)
+O(m2n
s
)
(3.16)
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∞∑
j=0
iT t(j) I = ∆n,n,n,n ig
2facef bde
×
[(3 + c)(1− c)
32m4n
s2 +
c
m2n
s+
2c2 + c+ 1
2(1− c)
]
+O(m2n
s
)
∞∑
j=1
iT t(j) II = ∆n,n,n,n ig
2facef bde
[
− 3 + c
12m2n
s+
c2 − 6c− 3
3(1− c)
]
+O(m2n
s
)
∞∑
j=1
iT t(j) III =
(
∆n,n,n,n +
3
4
Xn
)
ig2facef bde
2(3 + c)
3(1− c) +O
(m2n
s
)
(3.17)
Xn = 8N
4
n π
2R2r˜3c m
2
n (3.18)
Replacing c by −c in (3.17), we find the u-channel sums ∑∞j=0 iT u(j) I, II, III. Col-
lecting all of the contributions, (3.15) to (3.17), we find s2-contributions in s-, t-
and u-channel to cancel against terms in iT4. Terms linear in s are identical for
each colour factor and vanish due to the Jacobi identity. The leading contribution
is therefore of O(1).
iT4 + iT
s + iT t + iT u
= (∆n,n,n,n +Xn)ig
2
[
facef dbe
c2 + 3
2(c− 1) + f
adef bce
c2 + 3
2(c+ 1)
]
+O(m2n
s
) (3.19)
Let us now check that the RHS of (3.8) agrees with this result and calculate the
amplitude for the elastic scattering of two scalar KK modes.
(n)p1
(n)p2
(n)k1
(n)k2
=
∞∑
j=0
(n)p1
(n)p2
(n)k1
(n)k2
(j)
+ · · ·
=
∞∑
j=0
[iT s(j) + iT
t
(j) + iT
u
(j)]
= iT s + iT t + iT u
(3.20)
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In this case, no quartic coupling contributes. Using the Feynman rules of Ap-
pendix A, s-, t- and u-channel exchanges lead to the following contributions.
iT s(j) = 2
−δj,0∆˜2n,j,n ig
2fabef cde
u− t
2(s−m2j )
iT t(j) = 2
−δj,0∆˜2n,j,n ig
2facef dbe
s− u
2(t−m2j )
iT u(j) = 2
−δj,0∆˜2n,j,n ig
2fadef bce
t− s
2(u−m2j)
(3.21)
As done in (3.13), we expand factors in (3.21) that originate from the propagators.
Using (D.6), we sum the leading orders and find iT s + iT t + iT u to be identical
to (3.19). The ET (3.8) is therefore verified. In the limit of vanishing rc, we find
∆n,n,n,n → 3 and Xn → 0, and recover the results for 5D orbifold theories without
BKT in [11]. As said earlier, our calculation of the leading order of (3.20) relies
only on the leading part of factors such as
s
s−m2j
= 1 +
m2j
s−m2j
. (3.22)
We will conclude the calculations of this chapter by checking that the infinite
sum of subleading contributions is itself subleading and does not contribute to
our result (3.19). We modify the relevant sum in (D.6) by a factor m2j/(s−m2j )
and find
∞∑
j=0
2−δj,0 ∆˜2n,j,n
m2j
s−m2j
= ∆˜n,n,n,n
4m2n
s− 4m2n
+ 32π2R2m2nr˜
3
cN
4
n
(
1− π2R2m2nr˜2c
)[ m2n
s− 4m2n
+
m4n
(s− 4m2n)2
]
+
8π4R4m4nr˜
5
cN
4
n
s+
√
s
πRr˜c
tanπR
√
s
s3 − 4m2ns2 + 4m4ns
(s− 4m2n)2
− 8π4R4m4nr˜5cN4n .
(3.23)
The first two terms are obviously O(m2n/s). The third term has got poles at√
s = mj and so a smooth high energy limit is not well defined. Taking the limit
in a discrete manner,
√
s = (m+1/4)/R with m→∞, the third term approaches
the negative of the fourth term. Consequently, all O(1) terms cancel and (3.23)
does contribute only subleading terms.
Chapter 4
High-Energy Unitarity Bounds
Higher-dimensional Yang-Mills theories have got couplings of negative mass di-
mension, in our case [g5] = −1/2, and are therefore non-renormalizable. They
can only be considered as effective theories and only be trusted up to a certain
energy scale. There is a limit beyond which physics of a UV complete theory
must become relevant. In this chapter, we determine an upper bound on this
limit by demanding perturbative unitarity of the 4D theory. Beyond this bound,
one of the following three scenarios will be correct: (i) the 4D theory becomes
strongly coupled, (ii) new physics sets in, or (iii) both [101]. An upper limit on
the energy translates naturally into a limit on the number of KK modes that can
be produced in scattering processes.
There are different ways how unitarity of the scattering matrix can manifest
itself in a theory. On one hand, there is the discussion of Martin and Frois-
sart [102,103], who derive bounds on the total cross-section. Total cross-sections
can rise asymptotically not faster than a logarithm of the energy; a fact that we
find confirmed in our calculations (3.19). On the other hand, it is also possible
to derive strong limits on the partial wave amplitudes of a scattering process.
From a naive dimensional analysis, we find the s-wave amplitude a0 of a two body
scattering process to increase linearly with rising energy,
a0 ∼ Ncg25
√
s . (4.1)
As we will discuss in greater detail below, at first approximation perturbative
unitarity demands a0 ≤ 1. One therefore finds an upper bound N0 on the number
of KK modes [11],
N0
R
.
1
Nc g25
, (4.2)
that depends on the higher-dimensional gauge coupling g5, the number of colours
Nc and the compactification radius R. A more careful discussion will ultimately
allow us to make statements about the rc-dependence of the bound N0 as well.
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Let us start with the standard optical theorem for transitions |i〉 → |f〉,
2 ImTfi =
∑
j
TfjT
∗
ji , (4.3)
where the sum is understood to include phase-space integrations for each of the
individual particles in |j〉. We expand the transition amplitudes in terms of
Legendre polynomials Pl(c),
T (s, c) = 16π
∞∑
l=0
(2l + 1)Pl(c)al(s)
a0 =
1
32π
∫ 1
−1
dc T ,
(4.4)
where al(s) are the partial waves and c = cos θ the cosine of the scattering
angle. Substituting (4.4) into the optical theorem, we find relations for the partial
waves [104]. For the s-wave in particular, it reads
Im[a0]fi =
∑
j
σj [a0]fj [a0]
∗
ji . (4.5)
The factor σj takes care of the phase-space of state |j〉. For two-particle states it
has got the simple form
σj = λ(s,m
2
1, m
2
2)/s
λ(x, y, z) =
√
x2 + y2 + z2 − 2(xy + yz + zx) . (4.6)
Absorbing the phase-space factor into the s-waves, we can rewrite (4.5) as a
matrix equation.
[a˜0]ij =
√
σiσj [a0]ij (4.7)
Im a˜0 = a˜0a˜
∗
0 (4.8)
Since a˜0 is symmetric, it satisfies a˜0a˜
∗
0 = (Re a˜0)
2+(Im a˜0)
2. We realize that both
sides of (4.8) can be diagonalized simultaneously. In general, that would have
been impossible in equation (4.5). Let {αi} be the set of eigenvalues of a˜0 and
αmax = max{αi} the largest of them. Combining Imαi ≤ |αi| and (4.8), we find
bounds on the eigenvalues, from which the strongest one reads
|αmax| ≤ 1 . (4.9)
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The method described above is known as Coupled Channel Analysis (CCA)1. In
evaluating αmax, we do not merely study one isolated scattering process, but the
entirety of all channels that are available at a certain energy
√
s. In our case, a0
and therefore αmax are functions of the energy. Inequality (4.9) can provide us
therefore with an upper KK mode bound of the effective theory, which is the aim
of this chapter.
For a perfect CCA of our model, we would have to consider all scattering
processes Aa(n)µ · · ·Ab(m) ν → Ac(k) ρ · · ·Ad(l) σ with all possible combinations of
colour, polarization and KK modes. By restricting ourselves to a subset of these
processes, we get a weaker but still correct bound from (4.9). In what follows,
we will limit our analysis to inelastic 2 → 2 scattering processes of longitudinal
gauge bosons, Aa(n)LA
a
(n)L → Ab(m)LAb(m)L with n 6= m ≤ N0 and centre of mass
energy s = 4m2N0 . Applying the ET, i.e. replacing the longitudinal gauge bosons
by the corresponding scalar modes, will simplify our calculations further. For
n,m ≈ N0, the energy is comparable to the combined masses of the scattering
particles. The use of the ET is nevertheless justified, since these channels are
heavily phase-space suppressed.
There is an infinite number of tree-level diagrams contributing to the scalar
scattering process Aa(n) 5A
b
(n) 5 → Ac(m) 5Ad(m) 5.
(n) p1
(n) p2
(m) k1
(m) k2
=
∞∑
j=0
(n) p1
(n) p2
(m) k1
(m) k2
(j)
+ · · ·
=
∞∑
j=0
[iT s(j) + iT
t
(j) + iT
u
(j)]
= iT s + iT t + iT u
(4.10)
t = −s
2
+m2n +m
2
m +
c
2
Sn,m
u = −s
2
+m2n +m
2
m −
c
2
Sn,m
Sn,m =
√
(s− 4m2n)(s− 4m2m)
(4.11)
The kinematics generalizes the relations (3.9) with β2 = Sn,n/s and c = cos θ.
1Historically, relation (4.9) first appears in [93]. There it was used in the high energy limit,
i.e. σj = 1 and a˜0 = a0, in order to derive an upper Higgs mass bound within the Standard
Model. In our case, it is exactly a limit on the energy that we would like to determine, and the
influence of the phase-space can no longer be neglected.
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The calculation of the Feynman diagrams is again straightforward.
iT s(j) = 2
−δj,0∆˜n,j,n∆˜m,j,m ig
2fabef cde
u− t
2(s−m2j )
iT t(j) = 2
−δj,0∆˜2n,j,m ig
2facef dbe
s− u
2(t−m2j)
iT u(j) = 2
−δj,0∆˜2n,j,m ig
2fadef bce
t− s
2(u−m2j )
(4.12)
As an aside, let us calculate the leading order of the amplitude. Using the sum
(D.7), we find it to generalize our earlier result (3.19).
iT s + iT t + iT u =
(∆n,n,m,m + Yn,m)ig
2
[
facef dbe
c2 + 3
2(c− 1) + f
adef bce
c2 + 3
2(c+ 1)
]
+O(m2n
s
) (4.13)
With the help of the sum (D.8), a further generalization to scattering processes
of arbitrary KK modes, Aa(k) 5A
b
(l) 5 → Ac(n) 5Ad(m) 5, is obvious. Returning to the
complete expressions (4.12), we now sum/average over final/initial colours and
project out the s-waves2. As the energy increases, the individual contributions
diverge logarithmically.
[a0]nm (j) =
1
32π
∫ 1
−1
dc [T s(j) + T
t
(j) + T
u
(j)]
= −g
2Nc
32π
∆˜2n,j,m 2
−δj,0
[
1 +
2(s−m2n −m2m) +m2j
Sn,m
× ln
∣∣∣s+ 2(m2j −m2n −m2m)− Sn,m
s+ 2(m2j −m2n −m2m) + Sn,m
∣∣∣] (4.14)
lim
s→∞
[a0]nm (j) =
g2Nc
32π
∆˜2n,j,m 2
−δj,0
[
− 1 + 2 ln s
m2j
]
(4.15)
Summing over the complete KK tower, we find the elements of the partial wave
matrix a0. In the limit of vanishing rc, the terms j = m + n and j = |n − m|
dominate the sum (4.16) and we recover the result in [11].
2Note that zero mode exchange, j = 0, contributes only to elastic scattering processes, see
(C.15) and (C.16). In that case, T t(0) ∼ 1/(1− c) and T u(0) ∼ 1/(1 + c), and the s-wave exhibits
the same IR singularities that are familiar from standard QED. In our analysis, we will ignore
these diagonal elements and set [a0]nn ≡ 0.
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[a0]nm =
∞∑
j=0
[a0]nm (j) (4.16)
lim
s→∞
rc→0
[a0]nm =
g2Nc
32π
[
− 1 + 2 ln s|n2/R2 −m2/R2|
]
(4.17)
For non-vanishing BKT, summing the contributions [a0]nm (j) analytically is chal-
lenging and we decide to perform the sum numerically. In a final step, we absorb
the phase-space factor and determine the largest eigenvalue αmax of the modified
s-wave matrix a˜0 numerically.
[a˜0]nm =
Sn,m
s
[a0]nm (4.18)
The (N0+1)×(N0+1) matrix a˜0 is evaluated at centre of mass energy s = 4m2N0 .
R−1 defines our fundamental scale (R = 1 in the figures below). The maximum
eigenvalue of the matrix depends therefore on three parameters, αmax(N0, r˜c, g
2Nc).
Varying two of them, r˜c and g
2Nc, condition (4.9) provides us with an upper
bound N0 on the KK modes. The contour plot in Fig. 4.1 summarizes our nu-
merical results.
We find the bound N0 to relax as the coupling g
2Nc decreases, which confirms
our earlier estimate (4.2). For a theory without BKTs, r˜c = 0, our bound is by
about a factor of two weaker than the one derived in [11, 12]. That is a direct
consequence of the phase-space corrections, that were not included in the earlier
analysis. The unitarity bound relaxes as the BKT coupling r˜c increases. The
overall r˜c-dependence of the bound is weak and decreases further as the coupling
g2Nc falls off. This weak dependence is expected, since high energy unitarity
probes distances much smaller than the compactification radius R. At short
distances the size of a coupling at some fixed point in space becomes insignificant.
We have seen that in orbifold theories without BKT the KK number is conserved.
Let us consider the decay of a massive KK mode in these theories. The total mass
of the decay products will exactly equal the mass of the decaying particle, e.g.
n/R = k/R+ l/R. Consequently, there is no phase-space left for the process and
massive KK modes turn out to be stable.
The situation changes drastically once we allow for BKTs [87, 105]. No pro-
cesses are a priori forbidden, and due to the distorted spectrum the phase-space
never vanishes identically. Let Γn be the decay width of a KK gauge boson
Aa(n)µ of mass mn. We might expect Γn to increase dramatically with rising BKT
CHAPTER 4. HIGH-ENERGY UNITARITY BOUNDS 41
 4
 6
 8
 0  0.5  1
g2
 
N
c
r~c
N0=4
N0=5
N0=6
N0=7
 0.44
 0.46
 0.48
 0.5
 0  0.5  1
g2
 
N
c
r~c
N0=27
N0=28
N0=29
N0=30
Figure 4.1: Contours ofN0 in the (r˜c, g
2Nc) plane, e.g. in the region between
lines N0 = 28 and N0 = 29 the largest available KK mode is 28.
coupling rc. In that case, the sensible constraint
3
Γn
2
≤ mn (4.19)
might provide us with an alternative upper KK mode bound for our effective
theory. A lowest-order calculation is straightforward. Only two-body decays
Aa(n)µ → Ab(k) νAc(l) ρ with k+ l ≤ n contribute. The total decay width Γn is simply
the sum of all partial widths.
Γn =
∑
k,l=0
k+l≤n
λ(m2n, m
2
k, m
2
l )
16πm3n
|T(n,k,l)|2 (4.20)
3As the CCA, this is an idea that we copy from an earlier Higgs mass bound derivation [106].
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We sum/average the squared amplitudes T(n,k,l) over final/initial colours and po-
larizations, and finally find
|T(n,k,l)|2 =g
2Nc
3
π2R2r˜3cNnNkNl∆n,k,l
×
[
m4n +m
4
k +m
4
l + 10
(
m2nm
2
k +m
2
km
2
l +m
2
lm
2
n
)]
.
(4.21)
Note that ∆n,k,l does not appear quadratically, since one of the coefficients cancels
against contributions from the polarization vector sum. Interestingly, decays into
zero modes do not contribute, although the channels are clearly kinematically
allowed. Due to (C.15), amplitudes T(n,k,0) with 0 ≤ k < n vanish identically.
Finally, we perform the finite sum (4.20) numerically.
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Figure 4.2: Decay width mass ratio Γn/2mn with re-
spect to BKT coefficient r˜c.
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Figure 4.3: Decay width mass ratio Γn/2mn with re-
spect to KK mode n.
Fig. 4.2 shows a plot of the decay width mass ratio with respect to the BKT
coefficient r˜c. It confirms the importance of BKTs for the decays, that we men-
tioned earlier on. In the limit r˜c → 0, all KK modes become stable. In Fig. 4.3
we plot the same ratio with respect to the KK mode number n, i.e. effectively
the mass mn ≈ n/R. Heavy modes decay comparatively faster than light ones.
What is important in both plots is that they saturate far from the critical value
Γn/(2mn) = 1. Consequently, constraint (4.19) can provide us with no additional
bound, as we had initially hoped.
Chapter 5
Conclusions
We have studied 5D Yang-Mills theories compactified on an S1/Z2 orbifold with
kinetic terms localized at the fixed points. These terms, the so-called BKT, are
strictly necessary in any consistent quantum field theoretic discussion of orbifold
theories.
We have presented a novel quantization method for these theories and derived
powerful Ward and Slavnov-Taylor identities. In the process, we have devel-
oped the concept of functional differentiation on orbifolds. Note that we did not
regularize the BKT in any form; no thick branes [107], discretized extra dimen-
sion [108] or ǫ-regularized wave functions [88] have been used.
We have presented a general all-order proof of the Generalized Equivalence
Theorem. Despite the difficult spectrum, we have succeeded in deriving highly
non-trivial sum rules, that lie at the heart of the high energy unitarity cancel-
lations. We developed a novel Coupled Channel Analysis which can be used at
finite centre-of-mass energies. Our calculations have shown that limits derived
from high energy unitarity are not sensitive to the size of localized terms. On the
other hand, we have demonstrated the great importance of these terms for the
decay of the KK modes.
If extra dimensions exist there are likely to be more than just one, as indicated
by ADD scenarios and string theory. Many of the applications presented in the
Introduction make use of two extra space dimensions. The author is currently
working on a generalization of the concepts presented in this thesis to 6D orb-
ifold theories. The single BKT considered in this study is only the first of a
whole series of higher-order correction terms. A complete brane renormalization
discussion [107, 109–111] will be more involved. Finally, it will be necessary to
introduce fermions [112] in our model.
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Appendix A
Feynman rules
The classical part of the Lagrangian (2.21) gives rise to the following two-point
functions for the KK mass eigenstates.
a µ b ν
(n) p
Γabµν(p(n)) = iδ
ab
[− gµν (p2 −m2n) + pµpν ] (A.1)
a µ b
(n) p
Γabµ5(p(n)) = δ
abmnpµ (A.2)
a b
(n) p
Γab55(p(n)) = iδ
abp2 (A.3)
Note that (A.2) represents a non-vanishing mixing between vector and scalar
modes. After quantization of the theory by including terms L5DGF and L5DFP in
the Lagrangian, these mixing terms cancel and the two-point functions take on
the form given below.
a µ b ν
(n) p
Γabµν(p(n)) = iδ
ab
[− gµν (p2 −m2n) + (1− 1ξ) pµpν ] (A.4)
a b
(n) p
Γab55(p(n)) = iδ
ab
(
p2 − ξm2n
)
(A.5)
. . . . . . . . . . . . . .✲
a b
(n) p
Γabc¯c (p(n)) = −iδab
(
p2 − ξm2n
)
(A.6)
The corresponding propagators for vector, scalar and ghost KK modes read as
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follows.
Dabµν(p(n)) =
iδab
p2 −m2n + iǫ
[
− gµν + (1− ξ) pµpν
p2 − ξm2n
]
(A.7)
Dab55(p(n)) =
iδab
p2 − ξm2n + iǫ
(A.8)
Dabcc (p(n)) =
−iδab
p2 − ξm2n + iǫ
(A.9)
Based on the results of Appendix C, we can derive the fundamental interactions of
the KK modes. In the expressions below, we work with the dimensionless coupling
g = g5/
√
2πR. The explicit forms of the coefficients ∆k,l,n, ∆˜k,l,n, ∆k,l,n,m and
∆˜k,l,n,m are given in equations (C.10) and (C.11).
a µ
b ν
c ρ
(n) k
(m) p (l) q
Γabcµνρ(k(n), p(m), q(l)) =
gfabc
√
2
−1−δn,0−δm,0−δl,0
∆n,m,l
× [gµν(k − p)ρ + gρµ(q − k)ν + gνρ(p− q)µ]
(A.10)
b µ
c ν
a
(m) p
(l) q (n) k
Γabc5µν(k(n), p(m), q(l)) = igf
abc gµν
× [ml√2 −1−δm,0∆˜n,m,l −mm√2 −1−δl,0∆˜n,l,m] (A.11)
b
c
a µ
(m) p
(l) q (n) k
Γabcµ55(k(n), p(m), q(l)) =
gfabc
√
2
−1−δn,0
∆˜l,n,m(q − p)µ
(A.12)
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a µ
b ν
c ρ
d σ
(n) k
(m) p
(l) q
(k) r
Γabcdµνρσ(k(n), p(m), q(l), r(k)) =
ig2∆n,m,l,k
√
2
−2−δn,0−δm,0−δl,0−δk,0
×[fabef cde(gµσgνρ − gµρgνσ)+
facef bde(gµσgνρ − gµνgρσ)+
fadef bce(gµρgνσ − gµνgρσ)
]
(A.13)
a µ
b ν
c
d
(n) k
(m) p
(l) q
(k) r
Γabcdµν55(k(n), p(m), q(l), r(k)) = ig
2
√
2
−2−δn,0−δm,0
× ∆˜n,m,l,k gµν
[
facef bde + fadef bce
] (A.14)
..
..
..
..
..
..
..
..
..
..
.
❪
a
b
c µ
(n) k
(m) p (l) q
Γabcccµ(k(n), p(m), q(l)) =
− gfabc
√
2
−1−δn,0−δm,0−δl,0
∆n,m,l k
µ
(A.15)
..
..
..
..
..
..
..
..
..
..
.
❪
a
b
c
(n) k
(m) p (l) q
Γabccc5(k(n), p(m), q(l)) =
igfabcξml
√
2
−1−δn,0−δm,0
∆n,m,l
(A.16)
Appendix B
Mass eigenmode expansion
In Section 2.2, we discussed in detail the compactification of 5D Yang-Mills theo-
ries with BKT on an orbifold S1/Z2. In what follows, we will derive the analytic
form of the complete set of orthonormal functions fn and gn that were used in
expansion (2.23) of the components of the higher-dimensional gauge field. Our
discussion in the first part of this appendix will be based on an orbifold theory
with a single BKT at y = 0, as used in the calculations of Chapters 3 and 4.
In a second part we will then focus on a theory with two BKTs, in order to
demonstrate the full generality of our approach.
B.1 Brane kinetic term at y = 0
We have already seen that in our quantization scheme, the full Lagrangian (2.21)
is proportional to a common factor [1+rcδ(y)]. One can think of this factor as part
of the integration measure of the full quantized action and not the Lagrangian
itself, cf. definitions of the generating functionals (2.46) and (2.49). It therefore
makes sense to demand our set of functions to be orthonormal with respect to
this measure.
∫ πR
−πR
dy
[
1 + rcδ(y)
]
fn(y)fm(y) = δn,m∫ πR
−πR
dy
[
1 + rcδ(y)
]
gn(y)gm(y) = δn,m
(B.1)
The Z2 orbifold symmetry allows for two different parities, and we introduce the
fn as even and the gn as odd functions in y. Both of them are 2πR-periodic.
fn(y) = fn(−y)
gn(y) = −gn(−y)
(B.2)
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Let us now have a closer look at the kinetic part of the 5D Lagrangian (2.21).
The last terms in line two and three of (B.3) are the undesirable mixing terms
that we would like to see cancelled. We come to them in a minute.
L5DYM(x, y) ⊃
[
1 + rcδ(y)
][− 1
4
(∂µA
a
ν − ∂νAaµ)(∂µAaν − ∂νAaµ)
− 1
2
(∂5A
a
µ)(∂
5Aaµ)− 1
2
(∂µA
a
5)(∂
µAa 5) + (∂5A
a
µ)(∂
µAa 5)
− 1
2ξ
(∂µAaµ)
2 − ξ
2
(∂5A
a
5)
2 + (∂µAaµ)(∂5A
a
5)
] (B.3)
After compactification, the 4D effective Lagrangian should describe a theory in
which each individual KK mode is quantized in the conventional Rξ gauge.
Leff(x) ⊃− 1
4
(∂µA
a
(n)ν − ∂νAa(n)µ)(∂µAaν(n) − ∂νAaµ(n))
+
1
2
m2nA
a
(n)µA
aµ
(n) −
1
2ξ
(∂µA
a µ
(n))
2
+
1
2
(∂µA
a
(n)5)(∂
µAa(n)5)−
ξ
2
m2n(A
a
(n)5)
2
(B.4)
Given the orthonormality introduced earlier, the functions fn and gn must there-
fore satisfy the following simple wave equations.
[
∂25 +m
2
n
]
fn(y) = 0[
∂25 +m
2
n
]
gn(y) = 0
(B.5)
Instead of comparing the Lagrangians (B.3) and (B.4) directly, we can base our
arguments on the equations of motion derived from them, as done in [113]. The
final wave equations are the same. Note that they hold in the entire interval
(−πR, πR]. The δ(y)-term in the equivalent equation in [113] stems from the
particular gauge choice, Aa5(x, y) = 0, made there. This choice is of course not
suitable for a discussion of the GET.
Let us now return to the mixing terms that appear in (B.3). Integration by
parts of the first term is not problematic, since the fields are understood to vanish
at 4D infinity, and we find
L5DYM(x, y) ⊃
[
1 + rcδ(y)
][
(∂5∂
µAaµ)A
a
5 + (∂
µAaµ)(∂5A
a
5)
]
. (B.6)
The fields of the first term will be expanded in terms of ∂5fn and gn, whereas
the expansion of the second term will be based on fn and ∂5gn instead. The
functions ∂5fn and ∂5gn are odd/even, and have consequently an expansion in
terms of the gn and fn respectively. We assume this expansion to be particularly
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simple, ∂5fn = c1gn and ∂5gn = c2fn. The 4D effective theory will be absent of
any mixing terms, if and only if c1 = −c2. Combining this statement with (B.5),
we arrive at
∂5 fn(y) = −mngn(y)
∂5 gn(y) = mnfn(y) .
(B.7)
The combined constraints (B.1), (B.2), (B.5) and (B.7) are sufficient to uniquely
specify the analytic form of the functions fn and gn: Assume fn(y) to be a
solution of wave equation (B.5) in the interval 0 < y ≤ πR. It must therefore
be a linear combination of sine and cosine. The constraints (B.2) and (B.7) then
fix the form of fn(y) for negative arguments and the form of gn(y) in the entire
definition interval. This information is reflected in the ansatz below.
fn(y) =
{
−An sinmny +Bn cosmny for − πR < y ≤ 0
An sinmny +Bn cosmny for 0 < y ≤ πR
(B.8)
gn(y) =


Bn sinmny + An cosmny for − πR < y < 0
Bn sinmny − An cosmny for 0 < y < πR
0 for y = 0 or y = πR
(B.9)
Outside the interval (−πR, πR], both functions are 2πR-periodic by construction.
We define the derivative of fn(y) and gn(y) at a point y as the average of left
and right derivatives at this point. For both fn(y) and gn(y), left and right
derivatives are identical at every single point, which includes gn(y) at y = 0. The
only exception is fn(y) at y = 0. Left and right derivatives differ in sign, and we
find ∂5fn(0) = 0 in accordance with gn(0) = 0. The upshot of this paragraph is
that both functions and their derivatives are unambiguously defined on R.
From the normalization of both functions, i.e. n = m 6= 0 in (B.1), and the
orthogonality of the fn(y), i.e. n 6= m = 0 in (B.1), we determine the three free
parameters An, Bn and mn of our ansatz.
∫ πR
−πR
dy
[
1 + rcδ(y)
]
f 2n = 1∫ πR
−πR
dy
[
1 + rcδ(y)
]
fn = 0 (B.10)∫ πR
−πR
dy g2n = 1
The final expression for the complete set of orthonormal functions reads
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3
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g n
=
3
y
g n
=
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Figure B.1: Mass eigenstate wave functions fn(y) and gn(y) with
n = 3 for an orbifold theory with a single BKT at y = 0.
fn(y) =
Nn√
2δn,0πR
×
{
cosmny +
1
2
mnrc sinmny for − πR < y ≤ 0
cosmny − 12mnrc sinmny for 0 < y ≤ πR
(B.11)
gn(y) =
Nn√
πR
×


sinmny − 12mnrc cosmny for − πR < y < 0
sinmny +
1
2
mnrc cosmny for 0 < y ≤ πR
0 for y = 0
(B.12)
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where
N−2n = 1 + r˜c + π
2R2r˜2cm
2
n with r˜c =
rc
2πR
> 0 (B.13)
is a normalization constant. The spectrum mn is defined by the following tran-
scendental equation.
mnrc
2
= − tanmnπR (B.14)
Using it in (B.11) and (B.12), we can rewrite the fn and gn as shifted sines and
cosines and arrive at (2.24) and (2.25). As expected, we recover the standard
Fourier expansion in the limit of vanishing BKTs.
lim
rc→0
fn(y) =
1√
2δn,0πR
cos
ny
R
lim
rc→0
gn(y) =
1√
πR
sin
ny
R
(B.15)
When discussing functional differentiation on S1/Z2 in Chapter 2, we came across
the delta function δ(y; rc). Its defining relation reads∫ πR
−πR
dy [1 + rcδ(y)] h(y)δ(y − y′; rc) = h(y′) , (B.16)
where we recognise the familiar factor in the integration measure. At y′ = 0,
definition (B.16) is non-trivial only for even test functions h(y). Substituting an
even expansion for δ(y; rc) as well as h(y) into (B.16), we can derive an explicit
form of the delta function.
δ(y; rc) =
∞∑
n=0
N2n
2δn,0πR
cosmn(y ± πR)
cosmnπR
(B.17)
=
{
1/rc for y = 0
0 for − πR < y < 0 or 0 < y ≤ πR
In the limit rc → 0, we find the Fourier expansion of the delta function on the
circle. It is the discrete equivalent of δ(x) =
∫
dp/2π exp(ixp) on R.
lim
rc→0
δ(y; rc) = δ(y) =
∞∑
n=0
1
2δn,0 πR
cos
ny
R
(B.18)
So far, the completeness of our set of orthonormal functions fn and gn has not
entered our discussion. With the help of (B.17), we are now in the position to
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check it explicitly.
δ(y1 − y2; rc) =
∞∑
n=0
[
fn(y1) fn(y2) + gn(y1) gn(y2)
]
(B.19)
B.2 Brane kinetic terms at y = 0 and y = πR
We include this section in order to demonstrate the flexibility of our approach. It
can easily accommodate for a second BKT1 at the fixed point y = πR. All that
is needed is a replacement of the factors which include the delta functions.
[
1 + rcδ(y)
] → [1 + rcδ(y) + rcδ(y − πR)] (B.20)
Our orbifold theory with two BKTs is defined by Lagrangian (2.21) and quanti-
zation terms (2.42) and (2.43), subject to replacements (B.20). In what follows,
we will sketch the derivation of the complete set of functions used for compacti-
fication. The new orthonormality conditions read
∫ πR
−πR
dy
[
1 + rcδ(y) + rcδ(y − πR)
]
fk(y)fl(y) = δk,l∫ πR
−πR
dy
[
1 + rcδ(y) + rcδ(y − πR)
]
gk(y)gl(y) = δk,l .
(B.21)
The remaining constraints (B.2), (B.5), and (B.7) as well as the entire ansatz for
fn and gn remain unchanged. The three parameters An, Bn and mn can now be
determined from
∫ πR
−πR
dy
[
1 + rcδ(y) + rcδ(y − πR)
]
f 2n = 1∫ πR
−πR
dy
[
1 + rcδ(y) + rcδ(y − πR)
]
fn = 0 (B.22)∫ πR
−πR
dy g2n = 1 .
The analytic expressions for fn(y) and gn(y) are still of the form (B.11) and
1Even a generalization to 6D orbifold theories with kinetic terms at orbifold fixed points or
lines seems to be straightforward.
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Figure B.2: Mass eigenstate wave functions fn(y) and gn(y) with
n = 3 for an orbifold theory with two BKTs at y = 0 and y = πR.
(B.12), where the normalization constant is now given by
N−2n = 1 + 4r˜c +
1 + 2r˜c
(1− r˜cπRmn)2 +
1 + 2r˜c
(1 + r˜cπRmn)2
− 1 + 3r˜c
1− r˜cπRmn −
1 + 3r˜c
1 + r˜cπRmn
.
(B.23)
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The spectrum mn is again defined by a transcendental equation and can be ex-
pressed in the following factorised form.
mn
[
tan
mnπR
2
+
mnrc
2
] [
cot
mnπR
2
− mnrc
2
]
= 0 (B.24)
The solutions of the equation can be read off from Fig. 2.1. The masses mn are
slightly lighter than the corresponding ones in the one-BKT spectrum. They vary
in the limit (n − 1)/R < mn ≤ n/R for ∞ > rc ≥ 0. Interestingly and unlike
in theories with a single BKT, the mass gap between zero mode and lightest
KK mode does vanish as rc → ∞. We can again express the set of orthonormal
functions in terms of shifted sines and cosines. Due to the new spectrum, we now
have to distinguish between even and odd KK numbers.
fn(y) =
Nn√
2δn,0πR cos(mnπR/2)
×
{
cosmn(y ± πR/2) for even n
± sinmn(y ± πR/2) for odd n
(B.25)
gn(y) =
Nn√
πR sin(mnπR/2)
×
{
sinmn(y ± πR/2) for even n
∓ cosmn(y ± πR/2) for odd n
(B.26)
The different signs in the above expressions refer to the negative and positive
definition intervals respectively. The distinction between even and odd KK modes
as well as the more complex analytic expressions for normalization constants
(B.23) and mass spectrum (B.24) would make calculations equivalent to the ones
in Appendices C and D more tiresome. But we hope to have convincingly shown,
that the underlying concepts of the quantization scheme, the GET proof as well
as the discussion of the high energy unitarity bounds remain unaffected.
Appendix C
Products on S1/Z2
When compactifying higher-dimensional theories, we repeatedly come across prod-
ucts of functions that need to be integrated over the compact dimension y. Take
for example Acµ(x, y)θ
b(x, y) in (2.29) which leads to (2.31). The product of these
two even functions is again even and can be expanded in terms of the functions
fn(y). Compactification boils down to finding the coefficients of this expansion
in terms of Ac(n)µ(x) and θ
b
(n)(x).
There are five products, i.e. five combinations of even and odd functions, that
reappear in our calculations. In this appendix, we determine the coefficients of
their expansion. The appendix is thought of as a detailed repository, that should
be helpful when following our calculations in the main chapters.
We will use the orthonormal basis (2.24) and (2.25) to expand even and odd
functions respectively.
F+(y) = F+(−y) G−(y) = −G−(−y)
F+(y) =
∞∑
n=0
F+(n)fn(y) G−(y) =
∞∑
n=1
G−(n)gn(y)
Let us start by considering the product of two even functions, as in the example
mentioned above. Using the orthonormality (B.1), the coefficients of the expan-
sion can readily be expressed as below.
F+(y)G+(y) =
∞∑
n=0
[F+ ∗G+](n)fn(y)
[F+ ∗G+](n) =
∫ πR
−πR
dy [1 + rcδ(y)]F+(y)G+(y)fn(y)
=
∞∑
k,l=0
F+(k)G+(l)
∫ πR
−πR
dy [1 + rcδ(y)]fk(y)fl(y)fn(y)
(C.1)
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We are left with an integral over a product of three basis functions. In a first
step, we rewrite this product as a simple sum of cosines.
∫ πR
−πR
dy [1 + rcδ(y)]fkflfn =
NkNlNn√
2δk,0+δl,0+δn,0π3R3
[
rc +
2
cosmkπR cosmlπR cosmnπR
×
∫ πR
0
dy cosmk(y − πR) cosml(y − πR) cosmn(y − πR)
]
=
∆k,l,n
2
√
2δk,0+δl,0+δn,0πR
(C.2)
∆k,l,n =∆(mk, ml, mn) + ∆(−mk, ml, mn)
+ ∆(mk,−ml, mn) + ∆(mk, ml,−mn)
(C.3)
The integration is now trivial. The final result distinguishes between the two
cases of vanishing and non-vanishing period.
∆(mk, ml, mn) = NkNlNn
[∫ πR
0
dy cos(mk +ml +mn)(y − πR)
πR cosmkπR cosmlπR cosmnπR
+ r˜c
]
(C.4)
=


NkNlNnπ
2R2r˜3c
mkmlmn
mk +ml +mn
for mk +ml +mn 6= 0
NkNlNn
(
[(1 + π2R2r˜2cm
2
k)(1 + π
2R2r˜2cm
2
l )(1 + π
2R2r˜2cm
2
n)]
1
2 + r˜c
)
for mk +ml +mn = 0
We therefore arrive at an explicit expression for the coefficients (C.1).
[F+ ∗G+](n) =
∞∑
k,l=0
F+(k)G+(l)
∆k,l,n
2
√
2δk,0+δl,0+δn,0πR
(C.5)
Along the same lines, we derive the coefficients of four further products.
F+(y)G−(y) =
∞∑
n=1
[F+ ∗G−](n)gn(y)
[F+ ∗G−](n) =
∞∑
k,l=0
F+(k)G−(l)
∆˜l,k,n
2
√
2δk,0πR
(C.6)
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F−(y)G−(y) =
∞∑
n=0
[F− ∗G−](n)fn(y)
[F− ∗G−](n) =
∞∑
k,l=0
F−(k)G−(l)
∆˜k,n,l
2
√
2δn,0πR
(C.7)
F+(y)G+(y)H+(y) =
∞∑
n=0
[F+ ∗G+ ∗H+](n)f(n)(y)
[F+ ∗G+ ∗H+](n) =
∞∑
k,l,m=0
F+(k)G+(l)H+(m)
∆k,l,m,n
4πR
√
2δk,0+δl,0+δm,0+δn,0
(C.8)
F−(y)G−(y)H+(y) =
∞∑
n=0
[F− ∗G− ∗H+](n)f(n)(y)
[F− ∗G− ∗H+](n) =
∞∑
k,l,m=0
F−(k)G−(l)H+(m)
∆˜n,m,k,l
4πR
√
2δm,0+δn,0
(C.9)
The factors appearing in the coefficients are linear combinations of expressions
(C.4) and (C.13). The arguments of ∆(mk, ml, mn) and ∆(mk, ml, mn, mm) can
either be elements of the spectrum or of its negative.
∆k,l,n = ∆(mk, ml, mn) + ∆(−mk, ml, mn)
+ ∆(mk,−ml, mn) + ∆(mk, ml,−mn)
∆˜k,n,l =−∆(mk, ml, mn)−∆(mk, ml,−mn)
+ ∆(−mk, ml, mn) + ∆(mk,−ml, mn)
(C.10)
∆k,l,n,m = ∆(mk, ml, mn, mm) + ∆(−mk, ml, mn, mm)
+ ∆(mk,−ml, mn, mm) + ∆(mk, ml,−mn, mn)
+ ∆(mk, ml, mn,−mm) + ∆(−mk,−ml, mn, mm)
+ ∆(−mk, ml,−mn, mm) + ∆(−mk, ml, mn,−mm)
∆˜k,l,n,m =−∆(mk, ml, mn, mm)−∆(−mk, ml, mn, mm)
−∆(mk,−ml, mn, mm)−∆(−mk,−ml, mn, mm)
+ ∆(mk, ml,−mn, mm) + ∆(mk, ml, mn,−mm)
+ ∆(−mk, ml,−mn, mm) + ∆(−mk, ml, mn,−mm)
(C.11)
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∆k,l,n and ∆k,l,n,m are symmetric in all their indices. ∆˜k,l,n is symmetric under
permutation of the first and third index, whereas ∆˜k,l,n,m is symmetric under the
exchange of its first two as well as its last two indices. If one of the indices is
zero, the following relations hold.
∆k,l,n,0 =
2√
1 + r˜c
∆k,l,n
∆˜0,k,l,n =
2√
1 + r˜c
∆˜l,k,n
∆˜k,l,n,0 = 0
(C.12)
∆(mk, ml, mn, mm)
= NkNlNnNm
[ ∫ πR
0
dy cos(mk +ml +mn +mm)(y − πR)
πR cosmkπR cosmlπR cosmnπR cosmmπR
+ r˜c
]
(C.13)
=


NkNlNnNm π
2R2r˜3c
mlmnmm +mkmnmm +mkmlmm +mkmlmn
mk +ml +mn +mm
for mk +ml +mn +mm 6= 0
NkNlNnNm [(1 + π
2R2r˜2cm
2
k)(1 + π
2R2r˜2cm
2
l )
×(1 + π2R2r˜2cm2n)(1 + π2R2r˜2cm2m)]
1
2 + r˜c
for mk +ml +mn +mm = 0
In the case that no combination of the masses vanishes, i.e. mk +ml 6= mn for
all permutations of the indices, expressions (C.10) simplify as follows.
∆k,l,n = NkNlNn π
2R2r˜3c
8m2km
2
lm
2
n
m4k +m
4
l +m
4
n − 2(m2km2l +m2lm2n +m2nm2k)
∆˜k,n,l = NkNlNn π
2R2r˜3c
4mkmlm
2
n(m
2
k +m
2
l −m2n)
m4k +m
4
l +m
4
n − 2(m2km2l +m2lm2n +m2nm2k)
(C.14)
∆n,n,j = N
2
nNjπ
2R2r˜3c
8m4n
m2j − 4m2n
∆˜n,n,j = N
2
nNjπ
2R2r˜3c
4mjm
3
n
m2j − 4m2n
∆˜n,j,n = −N2nNjπ2R2r˜3c 4m2n
m2j − 2m2n
m2j − 4m2n
∆n,m,0 = ∆˜n,0,m = 0 for n 6= m
(C.15)
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On the other hand, if there are vanishing mass combinations, the lower cases in
(C.4) and (C.13) become relevant and we find
∆n,n,0 = ∆˜n,0,n =
2N2n√
1 + r˜c
[1 + r˜c + π
2R2r˜2cm
2
n]
∆˜n,n,0 = 0
(C.16)
∆n,n,n,n = 3∆˜n,n,n,n = 3N
4
n[r˜c(1− π2R2r˜2cm2n) + (1 + π2R2r˜2cm2n)2]
∆n,n,m,m = 2N
2
nN
2
m[1 + r˜c + (1− r˜c)r˜2cπ2R2(m2n +m2m) + r˜4cπ4R4m2nm2m]
∆0,0,0,0 =
2√
1 + r˜c
∆0,0,0 =
8
1 + r˜c
∆˜0,0,0,0 = ∆˜0,0,0 = 0 .
(C.17)
Let us finally comment on the limit rc → 0. Consider for example ∆(mk, ml, mn).
The limit is trivial for cases in which the (in)equalities between the masses do
not change as rc → 0, e.g. mn + m0 = mn and n/R + 0 = n/R. The first
line in (C.4) vanishes, whereas the second approaches one. Now consider the
case that a relation between the masses becomes fulfilled as rc → 0, for example
mk + ml 6= mk+l but k/R + l/R = (k + l)/R. Taking the limit of the factor
r3c/(mk +ml −mk+l) in (C.4) carefully,
lim
rc→0
d3mn
dr3c
= − n
3
4πR4
+O(n)
lim
rc→0
r3c
mk +ml −mk+l = limrc→0
6
d3mk
dr3c
+ d
3ml
dr3c
− d3mk+l
dr3c
=
8πR4
kl(k + l)
,
we find
lim
rc→0
∆(mk, ml,−mk+l) = 1 . (C.18)
We can see that our complex delta expressions (C.4) and (C.13) reduce to simple
Kronecker symbols.
lim
rc→0
∆(mk, ml, mn) = δk+l+n,0
lim
rc→0
∆(mk, ml, mn, mm) = δk+l+n+m,0
(C.19)
In particular, we find ∆k,l,n → δk,l,n, ∆˜k,l,n → δ˜k,l,n etc., and we reproduce the
results for orbifold theories without BKT [9]. Coefficients such as δk,l,n are defined
as simple combinations of Kronecker deltas, see (C.10) and (C.11), and imply
selection rules for the couplings of orbifold theories without BKT.
Appendix D
Summation over KK modes
In our calculations of scattering amplitudes in Chapter 3, we encountered repeat-
edly infinite sums over intermediate KK modes. Take for example the elastic
scattering of two vector KK modes (3.11), where we have to calculate the infinite
sum
∞∑
j=0
2−δj,0 ∆2n,n,j .
Considering (C.15), the problem reduces to finding the sum
∞∑
j=1
N2j
(m2j − 4m2n)2
. (D.1)
Although we do not have explicit expressions for the masses mj , we are able to
calculate sums of this kind. In this appendix we will show how. We will develop
a complex analysis summation technique, first discussed in [114]. Let us start
with the simple sum
∞∑
j=1
N2j , (D.2)
where Nj is the normalization constant derived in (B.13). In the region around
the mass spectrum, |z −mj | < ǫ, we have
z +
2
rc
tanπRz ≈ (z −mj)
[
1 +
1
r˜c cos2 πRz
]
.
The relation remains correct for the negative spectrum, and we introduce the
convention −mj ≡ m−j . Note that the LHS has the form of the spectrum (B.14).
In the next step, we integrate the inverse of the above expression in the complex
plane, where the contour Cn encircles the entire spectrum. Although the inte-
grands are two different functions, their residua are identical and the integrals on
LHS and RHS are equal.
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lim
n→∞
∮
Cn
dz
[
z +
2
rc
tan πRz
]−1
= lim
n→∞
∮
Cn
dz
[
1 +
1
r˜c cos2 πRz
]−1 ∞∑
j=−∞
1
z −mj
The contours Cn are circles zn = (n + 1/4)/R exp(iθ) in the complex plane.
Their radius approaches infinity in a discrete manner, n → ∞, which ensures
that none of the poles of the integrands lie on the contour. We evaluate the LHS
by explicitly performing the θ-integration. On the RHS, we apply the residue
theorem.
2πi = 2πi
∞∑
j=−∞
[
1 +
1
r˜c
+ r˜cπ
2R2m2j
]−1
On the RHS, we have eliminated the cosine with the help of the spectrum (B.14).
After a slight rearrangement, we arrive at our desired sum (D.2).
1
2r˜c(1 + r˜c)
=
∞∑
j=1
N2j
Very good, but it is (D.1) that we need for the calculation of our scattering
amplitude. The terms in the sum differ by a factor (m2j−4m2n)−2. We modify our
summation technique by multiplying the integrand under the complex integration
by a factor (z2−4m2n)−2. On the LHS, the new factor suppresses the integrand as
we approach the contour at infinity. The explicit θ-integration gets us 0 instead
of the former 2πi. On the RHS, two new double poles at z = ±2mn appear in
addition to the infinite number of poles of the spectrum. Taking their residua
into account we find
∞∑
j=1
N2j
1
(m2j − 4m2n)2
=
r˜c(1− π2R2m2nr˜2c ) + (1 + π2R2m2nr˜2c )2
64π4R4m8nr˜
6
c
− 1 + r˜c − π
2R2m2nr˜
2
c
32π2R2m6nr˜
3
c (1 + r˜c)
.
(D.3)
With a modifying factor z2 (z2 − 4m2n)−2 the LHS integrand is again suppressed
and the LHS θ-integral vanishes. Taking care of the new residua, we find the sum
∞∑
j=1
N2j
m2j
(m2j − 4m2n)2
=
r˜c(1− π2R2m2nr˜2c ) + (1 + π2R2m2nr˜2c )2
16π4R4m6nr˜
6
c
. (D.4)
A factor z4 (z2−4m2n)−2 approaches one at infinity, and the θ-integration remains
unchanged, i.e. 2πi on the LHS as in the calculation of the original sum (D.2).
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Again, there are two additional residua on the right, and we get
∞∑
j=1
N2j
m4j
(m2j − 4m2n)2
=
(1 + π2R2m2nr˜
2
c )(1 + r˜c + π
2R2m2nr˜
2
c )
4π2R2m4nr˜
6
c
=
∆n,n,n,n +
3
4
Xn
12N4nπ
4R4m4nr˜
6
c
.
(D.5)
Using the form (C.15) of the delta expressions, combinations of the three sums
above get us
∞∑
j=0
2−δj,0∆2n,n,j = ∆n,n,n,n
∞∑
j=1
∆˜2n,n,j = ∆˜n,n,n,n
∞∑
j=0
2−δj,0∆n,n,j∆˜n,j,n = ∆˜n,n,n,n
∞∑
j=0
2−δj,0∆˜2n,j,n = ∆n,n,n,n +Xn
Xn = 8N
4
n π
2R2r˜3c m
2
n .
(D.6)
Along the same lines, we can calculate the more general sums below, which are
used in the calculation of the high energy unitarity bounds in Chapter 4.
∞∑
j=0
2−δj,0∆2n,j,m = ∆n,n,m,m
∞∑
j=0
2−δj,0∆˜n,j,n∆˜m,j,m = ∆n,n,m,m + Yn,m
∞∑
j=0
2−δj,0∆˜2n,j,m = ∆n,n,m,m + Yn,m
Yn,m = 4N
2
nN
2
m π
2R2r˜3c (m
2
n +m
2
m)
(D.7)
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∞∑
j=0
2−δj,0∆˜k,j,l∆˜n,j,m = ∆k,l,n,m + Zk,l,n,m
Zk,l,n,m = 2NkNlNnNm π
2R2r˜3c (m
2
k +m
2
l +m
2
n +m
2
m)
(D.8)
The simple relations (D.6) to (D.8) and their laborious derivation leave the im-
pression that there must be a more elegant way of deriving them.
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